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ABSTRACT

In the present paper we study about the Stancantarof modified Beta operators. We obtain somectliresults
in simultaneous approximation and asymptotic foanfdr these operators. We also modify these operato as to

preserve the linear moments, by applying the Kiagiproach.
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1. INTRODUCTION

Stancu type generalization of Bernstein polynomiads introduced by Stancu [10] as

Sﬁ(f,x):if(kjp'n‘,a(x), 0<x<1 (1.1)

k-1 nk1

|‘1 X+ as |‘j 1- X+ as)
where pt, (x ( ] o

S=

As a special case ia = 1, we get the classical Bernstein polynomials. Stgrtvith two parametere and

B satisfying0 < a < g in the year 1983, Stancu [11] gave the other gdimation of the operators (1.1) as follows

: k+a
0,8 f
X)= kZ:(;pnk (k+ﬂ} (1.2)
where pn,k(x):[:jxk(l-x)"-k, 3

is the Bernstein basis function.

In the year 2010, Buyukyazici and collaborators b [2] have proposed the Stancu variants of aéweell
known operators and estimated some direct resRtsently Gupta-Yadav [4] established some intergstesults for

BBS operators. Motivating with their work, we prggoStancu type generalization of modified Beta ajoes (1.1).
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Ford < a < S8, Stancu type generalization for modified Beta ajmns is as follows

a.p = n__l N h nt+a
2o (19" S0, (0 p 07 o, xOl0 as
where
bn,v(x) = xv(l + x)—(n+v+1)’

B(v+1,n)
n+v-—1
pn,v(t) = ( v )tv(l + t)—(n+v)

The operatorsPn“'B are called modified Beta-Stancu operators. &et § = 0, the operators (1.4) reduce to the

modified Beta operators defined by Gupta-Ahmad §4],

P.(f,%)= (”T"ljio by, (¥ Poy () Oct, x0I[0,c0) @)

b, ,(x) andp,,(t) are defined as above. Some approximation progeofiehese operators were discussed by
Maheshwari [6] and [7], Maheshwari-Gupta [8], andidshwari-Sharma [9] etc.

In the analysis, Hewitt-Stromberg [5] showed thdte toperatorsP, are linear positive operators.
Also Pn“'ﬁ(l, x) = 1, howsoever smooth the function may be, it turns thet order of approximation for the operators
(1.4) are at best @f(n™1).
2. BASIC RESULTS

In this section, we give certain lemmas, which wél useful for the proof of main theorem.

Lemma-1 [3]: If for m € Z* andx € [0, ),

0

Uun @) =) b (s =)

v=0

then there exists the following recurrence relation
(n+ DUp 1 (1) = (1 + ) {Upm (X) + mUp 1 ()}
Consequently

*  Upm(x)is apolynomial inc of degree< m.

o Upm(x) = 0(n~m+1/21) where[£] denotes the integral part §f

Lemma-2 [3]: There exists the polynomig| ;. (x) independent of and v, such that

T v v

X
dx” (1 + x)n*v

X

X'(1+x)" A0

- Z (m+1)[v =+ Dxlqy;,(x)

2i+jsr,
i,j=0
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Lemma-3: Let f ber times(r = 1,2,3, ...) differentiable orR™, then

R0 = CTE DT DN YN f Pucrsr O (o at

n!(n — 2)! n+p n+p

Proof: We have

PKE?lﬁ(f'x) _(

)Z b (x)fpnu(t)f () e

Using Leibnitz theorem fot

p(® n—1 (n +v4+r—10)! s XVt
P (fr%) = ( )Zz (n—D!w—-10)! =1 (1 + x)ntvtir—i

< [ puntf (5) de

r

O () Pea O (= +;‘)dt

=<n—1> - n+v+nr)!

n 4 n—Dv! "1+ x)”“’”“f
= 0

i=0

IUELYGA bl SRS f S O (Y s (22
v=0

n! +
o0 i=0 ﬁ

Again using Leibnitz theorem, we get

p1(1r)r1;+r() ((—1)1)|Z( 1) ( )pnvﬂ(t)

Hence we get

P00 = e LD e @ [ O (o)
v=0 0

(n—2)!n! +p

Solving integrals by parts ‘r’ times, we have thgquired Lemma

) _(n—T—l)!(n—i-r—l)! N
fn B(f x) n!(n — 2)! <n+[;> vzzobnﬂ",v(x)

‘ nt+ «a
% [ Bucraer OF (5 at
0

Lemma-4: Let Us Define

T () = (n—w)Zb ® f Prorsr® (g = %)t
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Then, we have

T4 (0 = 1, (2.1
(n—r—2)(a—Bx) +n{@2r+3)x + (r+ 1)}
rnl( )_ (n+ﬁ)(n—r—2) (22)
(a — Bx)? (n—r—Z)+2n(a—ﬁx){(2r+3)x+(r+1)} n \2
Tura() = (n+B)2(n—1—-2) <n+,8> %
,((2n—=1)+ (2r + 3) Cn-1D)+Q2r+3)r+2)
{ @r +5) J+| +@r+5) + 1) J+ o+ D0 +2) 23)
n—-r—-2)(n—-r-3) '
and the following recurrence relation is satisfied
n+'8(n—r—m 2)Trnm+1(x)
— a,B a _ a _ n+p
= x(1+x)[ rnm(x)+mTrnm 1(x)]+<n+ﬁ x>{(n+ﬁ x) = 1} rnm 1)
[(m+r+1)+n:6(+ﬁ x)(n—r—Zm—2)+(n+r+1)x]Traan(x) (2.4)

Further, for alkx € [0, «), we have

T4 (%) = ( [mT“])

where[u] is the integral part qf.

Proof: We Have Some ldentities to Use in Our Proof
o x(1+x)b'y,(x) = [v— (n+ Dx]bp, (x),
« t(1+9p,, 0 = [v—ntlp,,©

Obviously (2.1)-(2.3) can be obtained by taking= 0,1,2 respectively mTr“an To prove recurrence formula,

taking first derivative 01"1}"‘”‘3m with respect to X,

r—-1\ ( nt+a @B
rnm(x) (T) Z bn+r,v (x) f Prn-ry+r (t) (Tl T ,B - x) dt — anrm 1(x)
v=0 0

T () +mTh, () = (n—ﬂ)z bnw(x)fpn e © (=) e

Multiplying by x(1 + x) on both sides and using identity (1), we have

x(1+x) [T,f‘fm(x) +mT&E 1(x)]
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o0

= (L0 S 5 4 Dby ) f Pucrver (O (5 ; —x) @

n+r
v=0

=(L_1)Z[v—(n+r+1)x W,,(x)fpn W(t)("”g x)

n+r

S Z s (%) f W= 47+ DO O (5 +;‘ x)

n+r

(Y S o

r nt+a m
f[(v+r—(n—r)t)+(n—r)t—r—(n+r+1)x]pn_rrv+r (t)(n+ﬁ —x) dt
0

(Y S b 1000, 0 )

n+r

n+r

—[r+ (m+7r+ x]T,. nrm

Substituting

= (G )G =)

and Using the Identity (2), We Have

x(1+ ) [T () + mTf, @)

- (SO ibnw(x)fpn o @ (Bt =) e

n n+r

o0

_(njg‘x)-< ;:; 1);bn o (%) fpn ro+r(t )(nt+ﬁa—x>mdt]
+(n:ﬁ)2 [ (n ;:; 1)an+r,V(x)fp‘;l—r,v+r(t) (1:_:_; —x>m+2 dt

~2(p ) (e . an+r,,(x)fpn e ® (B - 0" ae
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+(nig‘x)2-(%;1)ibn rw (%) fpn rwr(t )(nt+ﬁa—x)mdt]

DAY PO

n+r +p

_(niﬁ_x)'( ;i;l)anw(x) fpn rv+r()( t+ﬁ —x) dt]

“[r+(n+r+ 1)x]T,f‘Tﬁm(x).

Now Solving the Integrals by Parts, We Get

x(1+ ) [T () + mTf, )]

nrm-—

=+ (o )ibnwv(x)fpn mr(t)(””/f—x)mdt
=0

o (= ) ) e [ o (=)

v=0

() an e (1) Z uar () f S (L

+2( g %)+ (29 Z B u(x) f Prcrr @ (oo o x)

- (n 'T' [ x)z m (%) z br iy (%) f Pr—rpr(t) (nt +ﬁa x)m_l dt]

v=0

8

m+1

(B i) Y W(x)fpn @ (Bg %)

v=0

- (-9 Z e f Proronr® (g %) dt
“[r+(m+r+ 1)x]T,f‘Tﬁm(x).
- ) (22) o )

1~ (g )0 -+ (10

n

+(#) (n—7) [vafmu(x)—(%—x) nrm(x)] [r+ (n+ 7+ Dx]T5E L (x).
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On rearranging both sides, we get the requiredrrexce formula (2.4) fon > 0.
The Peetre’s K-Function

The Peetre’s K-functional is defined by

Ko (f,8) = inf{llf —gll +3llg"ll : g € W?}

where

W? ={g € Cz[0,0):g',g" € C5[0,0)},3 a positive constant C > 0 such that

K,(f,8) < Cw,(f,6),6 >0,

where the second order modulus of smoothness éndiy

wz(f,61/2)= sup sup |[f(x+2h) —2f(x + h) + f(x)].

0<h=V/§ 0sx<0

Corollary 1: Let § be a positive integer, then for all >y >0, and x € [0,x), there exists a positive

constant depending upom andx such that

n—1\ v
( - )z by, (%) f Pny(OtYdt <M n ™, me€N.
v=0 |t—x|28

3. MAIN RESULTS

In this section we have some important theoremsoétain asymptotic formula.

Theorem 1:Let f € Q has a derivative of order ¢ 2) at a fixed pointc € (0, ). f is bounded on every finite

subinterval oR* . For somey > 0, f(t) = 0(t?), as
t — oo, We have
1lli_r)£10n[Pn(2B(f, )= fP)]=r@+r-pfO +[A+r+a)+ @ +2r—px]
X FT+D () + x(1 + 2) T+ (x).

Proof: Using Taylor Series Expansion, We Have

r+2 )
£ = Zf i!(x) (t — %) + e(t, 0)(t — x)7*2
i=0

wheree(t, x)(t — x)"*? is of exponential order as— « ande(t,x) - 0as t —» x. Now from Lemma 3, we have

[P0 (f,0) = FO ()

r+2 0
= nPTE,Q,B (Z f (X) (t - X)i, x) + nPrE,Q,B (E(t, X)(t _ x)r+2’ x) _ nf(r) (X)

i!
i=0
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_ n—r—-2)I(n+r) n \’
- n! (n — 2)! '<n+B)

S DECYCESE Y ST 4SS P
v=0 0

m—r=-2)(n+nr)! n
n[ n!(n — 2)! '(n+,8

) -1row

(DR e 0c () (g )

v=0

n,r,1 21 nr,2

=n [(n —;!—(n2§ ;T)l!-i- 7)! (n :1_ ﬁ)” B 1] f(r)(x) + nTaB (x)f(T"Ll)(x) 4 —T“B )
X Fr+(x) + E, (x) (3.1)
where

r+2

En,r(x>=(n—1>ib(”(x> f b e (g —x) e

Tends td) asn — « to show this we suppogg = x" (1 + x)"E, ,.(x), so thatl,, > 0 asn — .
Hence using Lemma 2
Il <=1 > (1t D v = (o + Dl gy (b ()

v=0 2i+j<r;
i,j20

r+2
- x) dt

< [ s et 0 (35
0

<(m—-DK(x) M+ 1" ) by, (@) [v-(n+ Dxl/ | po, (Ot 0|t — x|"2dt
i,j=0
- 3
< (n—DK() Z (n+ 1) (Z bny() [v - (n + 1)x|2f>
2i+j<r v=0
i,j20

D buo@) | [ oo @lee 0l - xI e
v=0 0

where

K@) = sup |q;;,(x)|
2i+j<sr;

i,j=0
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Hereg;;,(x) represents certain polynomialsairand independent of and v. For a givere > 0, there exists a

6(e,x) > 0 such that|e(t,x)| < efor 0 < |t — x| < §; and for|t — x| = &, we observe thdk(t, x)| < M|t — x]|".

f Pro Ole(t, 0)llt —x|™?de | < f Prp ()dt f Puy (D(e(6,2)) (£ — 02+t

s( i) f Py (O(e(t, 1)) (t — x)7Hde

lt—x|<8

* (Tl i 1) |t_xf|25 Pny (t)(E(t, x))z(t — x)¥ e

From Gorollary 1, we have

0

> busG) | [ oo @lee 01l - x12at
v=0

0

1 < ( M2\
<D b [ a2 =04 ()Y b @) [ a0 -0
v=0 0 v=0

|t—x|=8

= 20(n+9) + 0(n~@+D),
Now using Lemma 1, taking > (r + 2) andn to be large enough, we get
L 1 1
Il S (1= DKG) Y 0 0@ )E[20(nT+9) + 0(n-@ )2
2i+j<r;
i,j=0
1
= [20(1) + 0(n"+3-(@+D)]2
< e0(1).
This shows that, —» 0 asn — .

Hence in order to prove the theorem, we substihgevalues oT,fffl (x) andT,ff'f2 (x) from Lemma 4 in (3.1).

Suppose that[0,) be the space of real valued continuous boundedtitins f on the interval [Gp),

and let the nornfl. || on the spac€;[0, «) be defined as

IfIl = sup [fCOI.

0=x<o0

Also using K-functional, defined in Section 4 and f € C5z[0,) the usual modulus of continuity is given by

w(f,8) = sup sup |f(x+h)—f()]

0<hsé 0sx<oo

Therefore, let us modify the operatdis5)as
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SaB _ap B (n—2)(a—pBx) +n(1+ 3x)
P ) = REP () — f (x R e ) 1) (3:2)

Theorem 2:Let f € C5[0,x), thenV x € [0,), andn € N, there exists an absolute const&nt 0 such that

ap 3 (n—2)(a — Bx) + n(1 + 3x)
[P () = ] < Can(f,80(0)) + 0 (f. e )

where

(n—=2)(a—pBx)?+2n(a—px)(1+3x) 2n%[(n+ 7)x%+ (n+5)x+ 1]
(n+ B~ 2) Tt B - D0 -3)

8nz(x) =

o (n—2)(cx—ﬁ’x)+n(1+3x)_x2
n+p

Proof: Let g € W2. Then from Taylor expansion

9(®) = g(x) + g’ )t =) + [t —w)g' (W) du, te[0, )\

Therefore from Lemma 4, we have

t
B (g,0) = g(x) = g'(OBP (t — x,x) + BYF (f (t —u)g (W) du, x)
X
Hence

|BX (g,x) — g(x)| <

p*k <J-(t —u)g (w) du, x)

X

x4 (n—2)(a—Bx)+n(1+3x)
' (n-2)(n+p)
f ‘ +(n—2)(a—ﬁx)+n(1+3x)
X

(m=2)(n+p)

—u‘ lg" @) |du

IA

X

(n—2)(a — Bx) +n(1 +32)\*
CEDICET) > llg"ll

< [PEP((t — )% x)] + (x +
=8,°Mlg"ll

For P, . 5(f,x), we havel "’ (f, x) < 3If|l.

|Pn“'ﬁ(f,x) -f)| < IPn“'B(f -g.0) - -9@|+ IPn“'B(g.X) - g()|

n(a — Bx)(1 + 3x)
n+p

lerrepaten) )

(n—2)(a — Bx) +n(1 + 3x)> 3 f(x)’

2 "
<3lf =gl +8,°()llg ||+‘f<x+ m—-2)(n+p)

Taking infimum on RHS over alj € W2, we get
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PP (f,20) = F(0)] < 3K, (f, Sﬁ(x)) +w (f' (0= 2@ f)+nld+ 3x)>

(m=2)(n+p)

According to the property of Peetre’s K-functionag get

ap 3 (n—2)(a — Bx) +n(1 + 3x)
P (.20 = F @] < Co(f,8,(0) + @ (f, EDICET))
which is the required result and hence completegthof of theorem.
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